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A formula for the Hall response of interacting multi-band systems with arbitrary band topology and spin-orbit
coupling is derived. The formula is valid at finite frequency, which is relevant for Faraday rotation, and it takes
into account all particle-hole vertex corrections. The formula includes both three-leg (triangular) and four-leg
(rectangular) diagrams. The latter diagrams are absent in the single band case. We show that the rectangular
diagrams are necessary to recover the semiclassical formula for the Hall effect from the Kubo formula in the
DC limit. They also give the linear response of the anomalous Hall effect to an external magnetic field, an effect
which goes beyond the semiclassical theory. Three- and four-particle scatterings are neglected.
PACS numbers: 72.10.Bg, 71.10.-w, 71.27.+a
I. INTRODUCTION
The zero-frequency (DC) Hall conductivity is widely used
as a probe of Fermi surface evolution1 and topological prop-
erties of eigenstates. Despite its long history 2, the theory of
the Hall effect in the presence of interactions and of multi-
band effects, both at finite frequencies and in the DC limit,
remains unattended. At finite frequency, the Hall effect con-
trols Faraday rotation3 and is expected to contain important
information, just as the optical conductivity does4. Recent
results in high-Tc superconductors,5,6 heavy fermions1, iron-
based superconductors7, topological insulators8, Dirac and
Weyl semimetals9 for example, show the continued impor-
tance of the Hall effect.
In many studies of the Hall effect, the calculations are based
on formulae that are direct extensions of the single-band for-
mula. These extensions can be inadequate for multi-band sys-
tems because, as we will show, they consider only the three-
leg (triangular) diagrams.10,11
In this paper, we derive a formula for the Hall effect that
includes both three-leg and four-leg diagrams. The formula
is valid for model Hamiltonians that describe multi-band sys-
tems in the presence of arbitrary interactions. It includes ver-
tex corrections: While the interaction of an excited electron
or hole with the environment is taken into account through
the self-energy, the interaction of an excited electron with the
accompanying excited hole is taken into account through ver-
tex corrections to the current operator. This has to be taken
into account to understand responses of interacting systems,
whether the calculation is for model Hamiltonians of for re-
alistic materials calculations that use density-functional meth-
ods merged with many-body techniques12–16. For example,
Boltzmann transport theory predicts a small Hall effect for
a multi-band system with several hole and electron pockets
once electrons and holes have comparable densities and mo-
bilities. This situation occurs for iron-based superconductors
but measured Hall effects are very large with a material depen-
dent carrier character. This discrepancy was explained, in the
framework of a simple extension of the Boltzmann transport
theory to multi-band case, by taking into account vertex cor-
rection effects due to dominant interband interactions7 which
mix bands. As we show here, the band mixing effects are
present even at the bare level if the correct formula for the
multi-band case is used.
We first discuss in Sec. II the current vertices that are
needed for model Hamiltonians, the case that we consider
here. The coupling to the electromagnetic field due to cur-
rents circulating between atoms requires a discussion of the
Peierls substitution. There are ambiguities with that substitu-
tion that are highlighted and resolved. Appendix A illustrates
the ambiguities in the simple case of the commensurate an-
tiferromagnet. In the frequency-dependent case, the Peierls
substitution does not suffice to describe interband transitions
that are driven by intra-atomic currents. Electric-dipole ma-
trix elements must be taken into account. A sketch of the
derivation for the Hall effect in the general case and our fi-
nal formula are in Sec. III. The details of the derivation are
in Appendices B and C. Appendix B in particular, addresses
some subtle issues related to vertex corrections. We show in
Sec. IV how one recovers the semiclassical limit. Appendix A
demonstrates for the antiferromagnetic state of the one-band
Hubbard model, why the rectangular diagrams can be impor-
tant to obtain the correct semi-classical formula when there
is a valence and a conduction band. The conclusions are in
Sec. V while Appendix D discusses some details related to the
link to the semiclassical theory and Appendix E contains vari-
ous Matsubara frequency summations that we need for deriva-
tions. We restrict ourselves to a discussion of the longitudinal
and Hall conductivities, but similar arguments are valid for the
analog thermoelectric quantities, thermopower, Nernst coeffi-
cient and thermal Hall (Righi-Leduc) effect.
II. COUPLING TO THE ELECTROMAGNETIC FIELDS
Minimal coupling in first-principles calculation and in
model Hamiltonians require separate discussions. In the first
subsection below, we define what is a model Hamiltonian in
the orbital basis and discuss how the electromagnetic field
must be introduced in such a Hamiltonian to obtain the cor-
ar
X
iv
:1
80
7.
03
85
2v
2 
 [c
on
d-
ma
t.s
tr-
el]
  2
1 O
ct 
20
18
2rect current and effective mass vertices. The second subsec-
tion gives a simple example with physical discussion. The rest
of this paper will be based on the approach described here.
A. Minimal coupling in model Hamiltonians: the orbital basis
Minimal coupling between matter and electromagnetic field
leads to the following general prescription for the current op-
erator as a functional derivative of the Hamiltonian Hˆ with
respect to the vector potential A:
Jˆ(r) = − δHˆ
δA(r)
. (1)
In the simple case where there is no spin-orbit coupling, one
recovers the well known second-quantized expression for the
current operator
Jˆ(r) =
−e
2m
∑
σ
[
ψ†σ(r)(
~
i
∇+ eA)ψσ(r)
−((~
i
∇− eA)ψ†σ(r))ψσ(r)
]
(2)
in terms of the elementary charge e and of the field annihila-
tion (creation) operators ψ(†)σ (r) for an electron of spin σ at
position r. In a weakly correlated crystalline system, the field
operators are expanded in terms of the Bloch functions.
In an interacting system, it is more suitable to expand the
field operators in terms of an atomic-like orbital basis set. In
this case the model Hamiltonians are constructed, in principle,
by keeping only a few bands near the Fermi level and project-
ing them into states that are orthonormal and localized around
atomic sites (Wannier basis set). These states are labeled by
Ri + ra, that we call the position of the atomic site a in unit
cell Ri, and by another label, l. Fourier transforming from
the unit cell positions Ri to crystal momentum k one obtains
what we call the Hamiltonian in the orbital basis. It is worth
mentioning that there is no unique way to define the orthonor-
mal localized basis since one can do a k-dependent unitary
transformation amongst the Bloch states. The results should
in principle be independent of the choice of unitary transfor-
mation but, in practice, since we work in a truncated basis,
some choices are better than others when modeling interac-
tions17. Note that even though the labels l do not, in general,
correspond to specific orbitals, we will continue to refer to l
as an orbital index for simplicity.
In the localized basis, there are two contributions to the cur-
rent operator: (i) radiative transitions between atomic states
and (ii) tunneling between different atomic sites. For the lat-
ter contribution it is preferable to start with the Hamiltonian in
Wannier basis and preform the so-called Peierls substitution18.
Specifically, each of the terms in the kinetic-energy operator
that represent hopping between atomic sites is multiplied by a
phase
exp
[
ie
~
∫ Rj+rb
Ri+ra
A · dr
]
, (3)
where the integral is along a straight line connecting the posi-
tions of the atoms between which hopping occurs, even within
a unit cell. This is the only way to couple the electromagnetic
field to a few given localized orbitals in a gauge-independent
way.
Because we loose translational invariance when the vec-
tor potential corresponding to a magnetic field is applied, the
Hamiltonian is not diagonal in crystal momenta. Since we
will be working in the long wavelength limit, one can find
the current operator Eq. (1) corresponding to a given Fourier
component of the vector potential from
Jˆ(q) = −
∑
kk′
∑
σσ′
∑
l,l′
c†kσl
∂H
(A)σl,σ′l′
k,k′
∂A(q)
ck′σ′l′ . (4)
with c(†)kσl standing for annihilation (creation) operators in the
single-particle state with quantum numbers kσl. In the calcu-
lations below, H(A) stands for the matrix that appears above,
but without explicit indices. With spin-orbit coupling, this
matrix is not necessarily diagonal in spin indices. Its deriva-
tive with respect to vector potential leads to the current oper-
ator for both interband and intraband transitions.
B. A simple example and warnings
In momentum space and for the single-band case, the gen-
eral result Eq. (4) for the current operator corresponding to
a uniform electric field leads to an expression to the uniform
(q = 0) gauge-invariant current due to hopping that, to lead-
ing order, is of the form
Jˆαhop = −
e
~
∑
kσ
(
∂Ek
∂kα
+
e
~
∂2Ek
∂k2α
Aα
)
c†kσckσ (5)
where α labels spatial direction, Ek is the dispersion relation
and c(†)kσ is the annihilation (creation) operator for a state of
wave vector k with spin σ. For simplicity of the present dis-
cussion, we assume that there is no spin-orbit interaction and
drop the spin index on the dispersion relation.
The above result for the current is based on a replacement
of the derivative with respect to vector potential by a deriva-
tive with respect to wave vector k, as suggested by the Peierls
substitution. It is important however to note that this replace-
ment by a derivative with respect to k is a basis-dependent
statement. In a multi-orbital case with more than one atom
per unit cell, the correct minimal coupling is not equivalent
to the change of variables En,k → En,k+eA/~, where n is the
band index. This is discussed further in Appendix A 2.
The physical choice of current vertex is the one obtained
from a derivative with respect to k of the model Hamiltonian
in the orbital basis (See Eq. (A6) for an example). Indeed,
take the case of a solid with two atoms, A and B, per unit
cell. The bands are linear combinations of operators on the A
and B sublattices that are separated in space. Hence, currents
between these two sites are associated with a dipole that can
3lead to interband transition and they are taken into account by
the Peierls substitution in the orbital basis. In fact, using the
complete expression for the current, Eq. (2), there are inter-
band transitions in the general case, even in the band basis, as
shown in Ref. 19. The interband transitions come from wave-
vector derivatives of the periodic part of the Bloch functions.
Note that we can replace the derivative with respect to vec-
tor potential by a derivative with respect to k only when we
neglect intra-atomic dipole transitions, do the Peierls substitu-
tion in the orbital basis and include the phase factor for hop-
ping within the unit cell as well as between unit cells. Oth-
erwise, if the phase factor includes only the position of the
unit cell, the current cannot be expressed as a derivative with
respect to k only.20
III. LONGITUDINAL AND HALL CONDUCTIVITIES
The Hall response is linear in applied electric field, hence
linear response theory in Matsubara frequency can be used.
The magnetic field by itself does not lead to a dissipative re-
sponse. It can be included in the Hamiltonian to arbitrary or-
der. We thus first recall the linear response formalism and then
motivate the result for the Hall conductivity. Analytic contin-
uation is performed as the last step of the calculation. Details
of the derivation are given in Appendices B and C.
We choose a gauge where the electric field is represented
by a time-dependent and space-independent vector poten-
tial, A(t), while the magnetic field is represented by a time-
independent and space dependent vector potential, A′(r). In
other words,
A(t) + A′(r) = A exp[−iνt] + A′ exp[iq · r]. (6)
In Fourier space, we thus have for the electric and magnetic
fields respectively E(q, ν) = iνA(q, ν) and B(q′, ν′) =
iq′ ×A′(q′, ν′).
Note that matrices in the orbital basis and vectors, such as
the vector potential and the crystal momentum, are all rep-
resented indistinctly by bold symbols, even though they are
not objects in the same space. The context will insure that no
confusion arises.
A. Conductivity in linear response
We first consider the conductivity in zero magnetic field.
The expectation value of the current operator Eq. (4) in the α
direction in the presence of the time-dependent vector poten-
tial A that represents the electric field, is given in imaginary
time by
Jα(τ) = Tr
[(
−∂AαH(A)
)
G(A)(τ, τ + 0+)
]
(7)
where we used the shortcut ∂Aα for the partial derivative with
respect to vector potential of the Hamiltonian matrix in the
orbital basis Eq. (4), and where the expectation of the field
operators with the non-equilibrium density matrix is now rep-
resented by a time-ordered Matsubara Green’s function matrix
in the same basis
G(A)(τ, τ ′) = − < Tτc(τ)c†(τ ′) >A . (8)
The trace in Eq. (7) is over crystal momentum, spin and band
indices. Since the interaction does not depend on the vector
potential, it is only the non-interacting part of H(A) that will
be relevant.
We are interested in linear response. This means that we
must expand both the vertex −∂AαH(A) and the Green’s
function G(A) to linear order in the vector potential, which
gives what are known, respectively, as the diamagnetic and
the paramagnetic contributions. The final answer for the uni-
form q = 0 result takes the general form
Jα(ν) =
∑
β
Παβ(ν)A
β(ν), (9)
where ν denotes the frequency. Expanding in a basis that
takes advantage of translational invariance by one unit cell,
the Green’s function Gk becomes a k dependent matrix. In
the Matsubara representation, the calculation is relatively sim-
ple. Making use of the matrix identity
∂AαG
(A) = −G(A)∂AαG(A)−1G(A), (10)
that follows from differentiating G(A)G(A)
−1
= 1, one re-
covers the standard expression21 for the polarization tensor
Παβ(iνn), namely
Παβ(iνn) = −δαβkBT
VcellN
∑
kωm
Tr
{
[λαβ(0, 0)]k,ωm;k,ωm Gk,ωm
}
− kBT
VcellN
∑
kωm
Tr
{
[λα(0, iνn)]k,ωm;k,ω+m Gk,ω+m [Λβ(0,−iνn)]k,ω+m;k,ωm Gk,ωm
}
, (11)
4where T is the temperature, kB is Boltzmann’s constant, Vcell
is the volume of the unit cell, N is the number of unit cells,
and all bold quantities are square matrices labeled with orbital
and spin indices. These matrices are diagonal in spin indices
only if there is no spin-orbit interaction. The traces from now
on will be in orbital and spin indices (The sum over crystal
momentum will be written explicitly). In the above equation,
δαβ is the Kronecker delta, iνn is a bosonic Matsubara fre-
quency, the bare current vertex is
λα ≡ −∂AαH(A)|A=0 (12)
with H(A) the non-interacting part of Hamiltonian in the or-
bital basis, while the dressed current vertex in the same basis
is
Λα ≡ ∂AαG(A)−1|A=0. (13)
These vertices include both intra- and inter-atomic transitions
and in the case of model Hamiltonians where the Peierls sub-
stitution is used properly, they can be calculated from deriva-
tives with respect to k when intra-atomic dipole transitions
can be neglected, as discussed in the previous section. The
derivative of the current vertex with respect to the gauge po-
tential is
λαβ ≡ ∂Aβλ(A)α |A=0. (14)
It plays the role of the bare inverse effective-mass tensor (at
least in the one-band case) and it comes from differentiating
the vector potential in the gauge invariant expression for the
current. The corresponding dressed vertex Λαβ is defined in
Appendix B.
The fully interacting single-particle Green’s function enter-
ing Eq. (11) is
Gk,ωm = [(iωm + µ)1−H(k)−Σ(k, iωm)]−1, (15)
where Σ is the electron self-energy, µ is the chemical poten-
tial and ωm denotes the fermionic Matsubara frequencies. We
have also defined ω+m ≡ ωm + νn. Note that Λασ contains a
contribution that is equal to the bare current vertex and a con-
tribution that comes from a functional derivative of the self-
energy, which is the vertex correction. Vertex corrections de-
pend on two fermionic frequencies and one bosonic frquency,
with corresponding wave vectors.
The first term in Eq. (11) is the diamagnetic response while
second term in this equation is the paramagnetic one. Both
terms are necessary to insure gauge invariance. Indeed, the
conductivity tensor is defined as Jα(ν) =
∑
β σαβ(ν)E
β(ν).
Thus, once analytic continuation is performed, the q = 0 con-
ductivity is given by the retarded response
σαβ(ν) =
1
i(ν + i0+)
ΠRαβ(ν), (16)
with 0+ an infinitesimal positive number. Since gauge in-
variance implies that there can be no response to a frequency
and momentum-independent vector potential, we must have
Παβ(ν = 0) = 0. This means that the diamagnetic part is
equal to minus of the paramagnetic part at ν = 0. When the
derivative with respect to vector potential can be replaced by
a derivative with respect ot k, this can easily shown by inte-
gration by part of the diamagnetic term. Alternatively, using
current conservation and the definition of the correlation func-
tions in terms of current commutators in real-frequency, one
confirms that this result is true in general.
B. Hall response
In a time-reversal invariant, topologically trivial material,
the transverse conductivity (α 6= β) vanishes. When these
conditions are not satisfied, because of a finite Berry curvature
or a spontaneous magnetization for example, there may be a
DC dissipationless intrinsic Hall effect that we obtain from the
definition of the transverse conductivity Eq. (16) as follows
σintrinsicαβ = −i lim
ν→0
∂νΠ
R
αβ(ν) ; α 6= β. (17)
In general, the Hall response is the transverse conductivity
(α 6= β) in the presence of a perpendicular magnetic field,
B. It thus suffices to compute the linear response of Παβ to
a magnetic field. The only analytic continuation we will need
to do is that associated with iνn for the electric field since the
magnetic field is time independent. We are thus justified to
use the Matsubara formalism. We can represent a magnetic
field Bη = iηγδq′γA
′
δ applied in a direction η perpendicular
to α, β by a vector potential written in a (Landau) gauge where
q′ is in a direction γ in the α, β plane and A′ is in the same
plane but in a direction δ perpendicular to γ. Then, we can
expand the polarization to linear order in magnetic field to take
into account the presence of a uniform, spatially independent
magnetic field 22
lim
A′,q′→0
(
∂q′γ∂A′δΠαβ(q
′, νn)
)
q′γA
′
δ = (18)
lim
A′,q′→0
(
∂q′γ∂A′δΠαβ(q
′, νn)
)
(−iBη) (19)
where we used B(q′) = iq′ ×A′(q′). Here, q′ denotes the
wave vector of the magnetic field that must be taken equal to
zero along with A′ at the end of the calculation, as indicated.
As mentioned earlier, the total gauge potential is A(t)+A′(r)
so that the frequency dependent Hall conductivity σH(η)αβ is
5∂q′
δ
∂A′γ
{
λ
(A′)
α
Λ
(A′)
β
}
G
(A′)
k′
+
,ω+m;k
′
−,ω
+
m
G
(A′)
k′
+
,ωm;k
′
−,ωm
=
q′, νn q′, νn
(A′,q′) = 0
∂q′
δ
{
λγα Λβ
G
k,ω+m
G
k,ω−m
+
0, νn 0, νn
λα Λβ
G
k′
+
,ω+m
Λσγ
G
k′−,ω
+
m
G
k′−,ω
−
m
+
q′, νn 0, νn
q′, 0
λα Λγβ
G
k′
+
,ω+m
G
k′−,ω
−
m
+
q′, νn q′, νn
λα Λβ
Gσ
k′
+
,ω+m
Λγ
G
k′
+
,ω−m
G
k′−,ω
−
m
q′, νn 0, νn
q′, 0
}
q′ = 0
FIG. 1. Diagrammatic expansion of the change in the current due to the presence of a magnetic field, evaluated in the zero-field limit. Lines
show the fully dressed Greens function, cirles and squares with their adjacent shaded area denote the dressed current vertex and its derivative,
respectively. We also define k′± ≡ k±q′/2 and ω±m = ωm±νn. Only diagrams at the second line contribute at the Hall response. The vertex
Λγβ , represented by an attached green square box, must be treated carefully, as discussed in Appendix B. The final results include triangular
(three-leg) and rectangular (four-leg) diagrams shown in the next two figures.
given by
σ
H(η)
αβ (iνn)E
β(iνn) =
Π
H(η)
αβ (νn)
iνn
BEβ(iνn) ≡
lim
A′,q′→0
(
−i 
ηγδ
2
∂q′γ∂A′δ
Παβ(q
′, νn)
iνn
)
BEβ(iνn)
(20)
where B is the magnitude of the magnetic field, which points
in the direction η perpendicular to α and β. To write the re-
sult in a gauge invariant form, we used the Levi-Civita tensor.
The first term (diamagnetic term) in the polarization tensor
Eq. (11), does not contribute to the Hall conductivity, anoma-
lous or normal, because of the Kronecker δαβ .
The calculation of the derivatives with respect to A′ and
to q′ is illustrated schematically in Fig. 1. A momentum
q′ comes in through the initial current vertex and comes out
through a vertex associated with A′. On the first line, the
first diagram on the right-hand side comes from the derivative
of the inital current vertex with respect to A′ while, on the
second line, the first and last diagrams come from using the
matrix identity Eq. (10) for the derivative of a Green function.
The middle diagram comes from the derivative of the dressed
current vertex. Computation of this derivative is rather sub-
tle, as discussed in Appendix B. It leads to the dressing of the
bare current vertex λα which becomes Λα. Using the same
matrix identity Eq. (10) for the derivative with respect to q′, it
is clear that four-leg (rectangular) diagrams will appear. The
algebraic details are shown in Appendix C.
Dividing the diagrams that enter Π(η)αβ (νn) into triangular
and rectangular diagrams, we write
Π
H(η)
αβ (νn) ' ΠH(η),triαβ (νn) + ΠH(η),recαβ (νn), (21)
where η denotes the direction of the field, and we have ne-
glected diagrams that come from the three-particle scattering
vertices (see Appendix B for more detail and Ref.23). The
three-leg, triangular, contribution comes from derivatives with
respect to q′δ of the Λβ vertex in the first and last diagram of
the second line in Fig. 1 and from derivatives with respect of
q′δ of the Green’s function of the middle diagram. The terms
combine to give
6Λα Λγ
Gσ
k,ω+m
Λδβ
Gk,ωm
Gk,ωm
− Λα Λδβ
Gk,ωm
Λγ
Gk,ωm
G
k,ω−m
FIG. 2. The triangular diagrams appearing at the Hall response of multi-band systems. The arrows on the vertices show the incoming or
outcoming bosonic frequency associated with the electric field frequency. The circle and square vertices demonstrate current vertex and
current vertex derivative (effective mass), repectively.
Λα
Λδ
Λγ
Λβ
Gk,ωm Gk,ωm
Gk,ωmGk,ω−m
+ Λα
Λδ
Λβ
Λγ
G
k,ω+m
G
k,ω+m
Gk,ωmGk,ωm
+ Λα
Λβ
Λδ
Λγ
G
k,ω+m
Gk,ωm
Gk,ωmGk,ωm
FIG. 3. The rectangular diagrams appearing at the Hall response of multi-band systems. These diagrams are absent in the single-band system.
The arrows on the vertices show the incoming or outcoming bosonic frequency associated with the electric field frequency. All the veritces are
current vertices.
Π
H(η),tri
αβ (νn) = (
−iηδγBkBT
2VcellN
)
~
e
∑
k,ωm
Tr
{(
[Λα(νn)]
k
ωm;ω
+
m
Gk,ω+m [Λδβ(−νn)]
k
ω+m;ωm
Gk,ωm [Λγ(0)]
k
ωm;ωm
Gk,ωm
)
−
(
[Λα(νn)]
k
ω−m;ωm Gk,ωm [Λγ(0)]
k
ωm;ωm
Gk,ωm [Λδβ(−νn)]kωm;ω−m Gk,ω−m
)}
, (22)
where we used a compact notation for the dressed current ver-
tices
[Λα(νn)]
k
ω−m;ωm ≡ [Λα(0, νn)]k,ω−m;k,ωm , (23)
and defined ω−m ≡ ωm − νn. These dressed current vertices
obey the usual integral equation Eq. (B5). We also used the
following notation for the dressed inverse effective mass ten-
sor
[Λδβ(νn)]
k
ω+m;ωm
≡ [Λδβ(0, νn)]k,ω+m;k,ωm , (24)
which obeys an integral equation similar to that of the dressed
current vertex, as given in Eq. (B13).
The Feynman diagrams for the three-leg contribution are
shown at Fig. 2. The triangular contribution can be obtained
from a direct extension of the single-band formula10,11.
The four-leg, rectangular, contribution is obtained from the
derivative with respect to q′δ of the Green’s functions in the
first and last diagrams in the second line of Fig. 1. The results
combine to give
7Π
H(η),rec
αβ (νn) =(
−iηδγBkBT
2VcellN
)
~
e
∑
k,ωm
Tr
{
[Λα(νn)]
k
ω−m;ωm Gk,ωm [Λδ(0)]
k
ωm;ωm
Gk,ωm [Λγ(0)]
k
ωm;ωm
Gk,ωm [Λβ(−νn)]kωm;ω−m Gk,ω−m
+ [Λα(νn)]
k
ωm;ω
+
m
Gk,ω+m [Λδ(0)]
k
ω+m;ω
+
m
Gk,ω+m [Λβ(−νn)]
k
ω+m;ωm
Gk,ωm [Λγ(0)]
k
ωm;ωm
Gk,ωm
+ [Λα(νn)]
k
ωm;ω
+
m
Gk,ω+m [Λβ(−νn)]
k
ω+m;ωm
Gk,ωm [Λδ(0)]
k
ωm;ωm
Gk,ωm [Λγ(0)]
k
ωm;ωm
Gk,ωm
}
, (25)
and are shown in Fig. 3.
In a single band system, the rectangular part sums up to
zero: Indeed, in that case all the matrices become scalars so
they commute. Hence, the first and last line both vanish be-
cause they are symmetric in the indices δ and γ and they are
multiplied by ηδγ . The middle line is also symmetric in δ
and γ if [Λδ(0)]
k
ω+m;ω
+
m
= [Λδ(0)]
k
ωm;ωm
which we expect
to be the case for most vertex corrections. For a multi-band
system, however, some interband contributions survive and
should be taken into account, as we show explicitly for the
non-interacting limit in the next section.
To compute the Hall conductivity, one adds, as in Eq. (21),
the three-leg Eq. (22) and the four-leg Eq. (25) results in Mat-
subara frequency, substitutes them in the expression for the
Hall conductivity in terms of polarization (20) and performs
analytic continuation.
From Eq. (21), Eq. (22) and Eq. (25) one can see that
Π
H(η)
αβ (ν) is an odd function of the bosonic Matsubara fre-
quency, while the longitudinal current-current susceptibility is
an even function. Therefore, the Hall susceptibility vanishes
in zero bosonic Matsubara frequency. The Hall conductivity is
also zero in the particle-hole (p-h) symmetric system. Again,
this can be easily seen in the absence of the vertex correc-
tion from Eq. (22) and Eq. (25) where vertices are frequency
independent. Due to p-h symmetry the Greens function sat-
isfy the identity Gk,ωm = G−k,−ωm , which, along with sym-
metry property of the vertices, leads to a vanishing Hall con-
ductivity. In other word, electrons and holes drifting in per-
pendicular magnetic and electric fields (or in a temperature
gradient) give contributions to the electric current of opposite
sign. Therefore, Hall (and thermoelectric) currents arise due
to the difference between electron and hole state, i.e., due to
p-h asymmetry.
IV. DC LIMIT AND SEMICLASSICAL TRANSPORT
THEORY
Here we show that the equations that we wrote for the lon-
gitudinal and Hall conductivities are basis independent and
reduce to the semiclassical theory at the DC limit. The semi-
classical theory neglects the real and virtual interband pro-
cesses in which an electron may change its band index as it
traverses the Brillouin zone. Hence, the current vertices and
their derivatives are diagonal matrices with the diagonal ele-
ments equal to the first and the second derivative of the band
energies, respectively. By contrast, in the orbital basis, inter-
band transitions are allowed.
Our approach will be, for the non-interacting case, to write
the formulas for the DC longitudinal and Hall conductivities
in the orbital basis and to show that the results are identical to
those of the semi-classical theory, which is written in the band
basis.
Assume that the Hamiltonian Hk in the orbital basis is di-
agonalized by the unitary matrix Uk as follows: UkHkU
†
k.
In the limit of q → 0 and A → 0 one can replace ∂Aα by
(e/~)∂kα , where e denotes elementary charge. Thus, λασ can
be substituted by −(e/~)∂kαH0 in this limit (minimal cou-
pling limit). This approximation neglects intra-atomic ex-
citations. For non-interacting systems the current vertices
are bare vertices and in the orbital basis they are given by
λαk = −(e/~)∂kαH and λαβk = (e/~)2∂kα∂kβH.
When we perform a change of basis in the trace expres-
sions for conductivities, the vertices become λ˜αk ≡ UkλαkU†k.
They have both intra- and inter-band components. The proofs
below, rest on the following identities19
−(e/~)∂kαEn,k =
[
λ˜αk
]
nn
, (26)
(e/~)2∂kα∂kβEn,k =
[
λ˜αβk
]
nn
+
∑
n′(6=l)
[
λ˜αk
]
nn′
[
λ˜βk
]
n′n
+
[
λ˜βk
]
nn′
[
λ˜αk
]
n′n
En,k − En′,k ,
(27)
where n in En,k is the band index. Note that the last term in
Eq. (27) is large only if the band energies are close to each
other.
A. Longitudinal semi-classical conductivity
We start with the longitudinal response, Eq. (11). The intra-
band contribution of the paramagnetic current is equal to the
semiclassical contribution because diagonal elements of the
current operator are identical in both basis, as can be seen in
Eq. (26). However, the paramagnetic current has inter-band
contributions as well that, in DC limit, are given by
8Πinterbandαα (0, νn → 0) =
−kBT
2VcellN
~
e
∑
k,ωm
∑
n,n′( 6=n)
[
λ˜αk
]
nn′
[
Gk,ω+m
]
n′n′
[
λ˜αk
]
n′n
[Gk,ωm ]nn
=
−1
2VcellN
~
e
∑
k
∑
n,n′(6=n)
2
[
λ˜αk
]
nn′
[
λ˜αk
]
n′n
En,k − En′,k f(En,k) (28)
where the non-interacting Green’s function in the band basis
is diagonal and is given by
[Gk,ωm ]nn = [iωm + µ− En,k + isgn(ωm)Γ]−1 , (29)
where 1/τ = 2Γ denotes the scattering rate from impurities.
We neglect impurity vertex corrections and weak localization
corrections. We also assume Γ is smaller than the energy gap.
The electron spectral function is a narrow Lorentzian function.
f(En,k) denotes the Fermi-Dirac distribution function. Since
we are looking at νn → 0 limit, the scattering rate is irrelevant
and is omitted in Matsubara frequency summations in Eq. (28)
and Eq. (30).
On the other hand the diamagnetic term is given by
Πdiaαα (0, νn → 0) =
−kBT
2VcellN
~
e
∑
k,ωm
∑
n
{[
λ˜ααk
]
nn
[Gk,ωm ]nn
}
=
−1
2VcellN
~
e
∑
k
∑
n
[
λ˜ααk
]
nn
f(En,k).
(30)
One can check that the sum of the interband contribution to
the paramagnetic current Eq. (28) and the diamagnetic term
Eq. (30) yields the same result as the diamagnetic term in
the semiclassical theory. Indeed, in that case, the diamag-
netic term is evaluated with ∂kα∂kαEn,k for the current vertex
derivative (or inverse effective mass tensor) and the equality
Eq. (27) for that quantity proves the result. Therefore, eval-
uating the longitudinal conductivity Eq. (11) in the DC limit
using the orbital basis with the λαk and λ
αβ
k vertices, or the
band basis, using the in the latter case the left hand side of
Eq. (26) and Eq. (27) for vertices, yield identical results.
Note that the inter-band terms contribute to the transverse
conductivity to linear oder in νn
Πinterbandαβ (0, νn) '
−iνn
2VcellN
~
e
∑
k
×
∑
n,n′(6=n)
[
λ˜αk
]
nn′
[
λ˜βk
]
n′n
f(El,k)− f(En′,k)
(En,k − En′,k)2 , (31)
which gives the Berry curvature contribution to the anomalous
Hall conductivity. This contribution is dissipation-less22,24
and does not appear in the semiclassical theory, which only ac-
counts for the dissipative part of the response. The anomalous
Hall effect (AHE) occurs in solids with broken time-reversal
symmetry, typically in a ferromagnetic phase, or, as the above
formula shows, in solids with non-trivial topology as a con-
sequence of spin-orbit coupling25. The Berry curvature takes
into account the admixture of occupied and unoccupied bands
and becomes very small for large band gaps. In ferromagnetic
systems the AHE is related to the sample spontaneous magne-
tization.
B. Semi-classical Hall conductivity
A direct comparison with the semi-classical theory in Mat-
subara frequency cannot be done because there are finite fre-
quency interband transitions that cannot be described by the
semi-classical theory. The two approaches coincide only in
the DC limit, which requires analytic continuation. Never-
theless, we can convince ourselves of the equivalence of the
approaches by focusing on the lowest two Matsubara frequen-
cies.
The zero Matsubara-frequency result is trivial because the
Hall response is an odd function of the bosonic Matsubara
frequency, hence it vanishes in the νn → 0 limit. The leading
term in the low temperature limit is νn → ν1 = 2pikBT limit.
Starting with the triangular diagrams, the terms appearing
in Π(η),triαβ (νn) can be classified in terms of the band indices
of the three Green’s functions. Performing the fermionic Mat-
subara frequency summation, (Appendix E) one can show
that only intraband terms have non-zero contribution in the
νn → ν1 limit (See Appendix D for a discussion of interband
terms). Therefore, Π(η),triαβ (νn → ν1) is
Π
H(η),tri
αβ (νn → ν1) = (
3τ2
2pi2
)(
−iηδγB
2VcellN
)
~
e
×
∑
k,n
[
λ˜αk
]
nn
[
λ˜δβk
]
nn
[
λ˜γk
]
nn
(
2
iνn
)
∂f(En,k)
∂En,k
, (32)
where we have used Eq. (E2) with n1 = n2 and the spectral
representation of the Green’s function in the band basis
G(k, iωm) =
∫
dω
Ak(ω)
(iωm − ω) , (33)
where Ak(ω) = (− 1pi )ImG(k, ω). We also replaced the
product of spectral functions with a delta function10
[Ank(ω)]3 → (3τ2/2pi2)δ(ω − En,k), (34)
for small Γ. The relaxation time, τ , is defined as 1/τ = 2Γ.
9It is clear that if we just transform the above result to the
band basis, Π(η),triαβ (iνn → ν1) gives a different results. In-
deed, in this case Π(η),triαβ (νn → ν1) is given by a similar
equation, but the curent vertices are replaced with first and
second derivatives of the band energies. Since,
[
λ˜δβk
]
nn
is
different from the second derivative of the band energy, as
seen in Eq. (27), the result is basis dependent. The second
part of the Hall response, given by the four-leg, rectangu-
lar, diagrams Π(η),recαβ (νn), when added to the triangular di-
agrams will be basis independent. The rectangular diagrams
contain several classes of diagrams, but many of them vanish
for νn → ν1. It is not complicated to show that the purely
intraband terms in Π(η),recαβ (νn) cancel out. It is also straight-
forward but lengthy to show that in the νn → ν1 limit, the
only diagrams with non-zero contributions are those where
α, γ vertices do not change the band index while δ, β ver-
tices change the band index (along with those resulting from
γ ↔ δ) (see Appendix E). Furthermore α, γ vertices must
have the same band index. To be explicit, consider terms with
λ˜αk,nnλ˜
γ
k,nn and λ˜
β
k,nn′λ˜
δ
k,n′n or λ˜
δ
k,nn′λ˜
β
k,n′n with n 6= n′.
The surviving terms come from the second and third lines on
the right-hand side of Eq. (25) and they are given by
limνn→ν1(
−iηδγBkBT
2VcellN
)
~
e
∑
k,ωm
∑
n,n′( 6=n)
[
λ˜αk
]
nn
[
λ˜γk
]
nn
[Gk,ωm ]nn [Gk,ωm ]nn
{
([
λ˜βk
]
nn′
[
λ˜δk
]
n′n
[Gk,ωm ]n′n′
[
Gk,ω+m
]
nn
+
[
λ˜δk
]
nn′
[
λ˜βk
]
n′n
[
Gk,ω+m
]
nn
[
Gk,ω+m
]
n′n′
)}
=(
3τ2
2pi2
)(
−iηδγB
2VcellN
)
~
e
∑
k
∑
n,n′(6=n)
[
λ˜αk
]
nn
[
λ˜γk
]
nn
[
λ˜δk
]
nn′
[
λ˜βk
]
n′n
+
[
λ˜δk
]
n′n
[
λ˜βk
]
nn′
En,k − En′,k (
1
iνn
)
∂f(En,k)
∂En,k
, (35)
where we have used Eq. (E3) and Eq. (E4) and expanded them
in terms of νn, keeping non-vanishing terms in the νn → ν1
and low temperature limit. We also assumed that the chemical
potential lies within band l and replaced iωm in the band l′
Green’s function with the pole atEn,k−µ. Hence the Green’s
function for this band is replaced by 1/(En,k−En′,k).10 This
allows us to employ Eq. (34).
Using Eq. (E3) and Eq. (E5), the terms with λ˜αk,nnλ˜
δ
k,nn
and λ˜βk,nn′λ˜
γ
k,n′n or λ˜
γ
k,nn′λ˜
β
k,n′n with n 6= n′ yield a result
similar to the last line of Eq. (35) but with a negative sign
and γ ↔ δ. Similar diagrams survive after operating with the
Levi-Civita tensor. So finally, one needs to multiply Eq. (35)
by a factor two.
The combination of Eq. (32) with twice Eq. (35) gives the
semiclassical transport theory formula for the Hall effect.
But, if one consider terms with λ˜βk,nnλ˜
γ
k,nn vertices and
λ˜αk,nn′λ˜
δ
k,n′n or λ˜
δ
k,nn′λ˜
α
k,n′n, then the result from the first
line of Eq. (25) cancels out the result the from third line. The
second line of Eq. (25) does not contribute to the trace for this
specific choice of band indices. Note that λ˜ is a symmetric
matrix in band indices.
Releasing some of the the semi-classical approximations
leads to some modifications that are discussed in more detail
in Ref. 26 for a non-interacting two-band model with constant
scattering rate.
V. CONCLUSIONS
In conclusion we derived an exact formula for the Hall re-
sponse of multi-band systems. The formula contains two sets
of diagrams: (i) triangular and (ii) rectangular diagrams. To
compute the Hall conductivity, one adds, as in Eq. (21), the
three-leg Eq. (22) and the four-leg Eq. (25) results in Matsub-
ara frequency, substitutes them in the expression for the Hall
conductivity in terms of polarization (20) and performs ana-
lytic continuation. The vertices are given by Eq. (12),(13),(14)
and Eq. (B13). For the current vertex coupled to the magnetic
field, we can use (C5) without approximations. Interchanging
α and β changes the sign of the Hall conductivity. Our results
are also valid at finite frequency, if one takes into account the
fact that the α and β current vertices can contain atomic dipole
transitions. At finite frequency, the off-diagonal conductivity
contributes to Faraday rotation.
Apart from the neglect of three-particle δ2Σ/δGδG and
four-particle δ3Σ/δGδGδG scattering vertices, our formula
is general and can be used for multi-band systems with arbi-
trary band topology, in the presence of spin-orbit coupling and
of interactions, where the semiclassical theory is not applica-
ble. The combination of triangular and rectangular diagrams
reduces to the semiclassical transport theory in the DC limit
with weak correlations. Appendix E is useful to simplify the
result in the case of non-interacting electrons.
The triangular diagrams can be obtained from a direct ex-
tension of the single-band formula. The rectangular dia-
grams are absent for single-band systems but essential to ob-
tain a basis-independent result for multi-band systems. Note
however that when intra-atomic dipole transitions can be ne-
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glected, the current vertices can be obtained from derivatives
with respect to wave vector. In that case, one must be in the
orbital basis with a definition of Fourier transforms that in-
cludes actual positions of atoms or use the velocity operator
of Ref. 20. Transformation to the band basis is done after the
correct current vertices are calculated.
The triangular diagrams Eq. (22) do not contain any topo-
logical response. They vanish in the absence of an external
field whether or not the system shows a spontaneous magne-
tization, so the corresponding Hall conductivity has a linear
dependence on the external magnetic field that extrapolates
to zero at zero magnetic field. However, non-linear behavior
is expected for ferromagnetic conductors where the Hall con-
ductivity shows an initial sharp enhancement at low field due
to the saturation of the magnetization of the sample under ex-
ternal field27. The linear dependence is recovered only at high
field for ferromagnetic conductors. The initial enhancement
of the Hall response is accounted for by the linear response
of the anomalous Hall effect to the magnetic field. The latter
response is given by the rectangular diagrams.
A direct extension of the single band formula for the Nernst
effect or thermal Hall effect would not give the correct for-
mula for multi-band systems. Modifications similar to those
discussed here are necessary.
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Appendix A: Current and inverse effective mass tensor in model
Hamiltonians: the antiferromagnet
We first recall the semi-classical formulae for the DC and
Hall conductivities and then illustrate the ambiguities that
arise with these formulae in the simple case of the commen-
surate antiferromagnet.
1. Semiclassical DC and Hall conductivities
Let us consider the case where the self-energy does not de-
pend on momentum, as in dynamical mean-field theory for
example. When the single-particle spectral weight An,k(ω)
(with
∫
dωAn,k(ω) = 1) is diagonal in band index and
En,k is even under parity so that vertex corrections can be
neglected, the usual linear response arguments, generalized
naively to the multi-band case, lead to the following expres-
sion for the longitudinal DC conductivity
σxx =
2pie2
V ~
∫
dω
∑
kn
A2n,k(ω)
(∂En,k
∂kx
)2(
−∂f(ω)
∂ω
)
.
(A1)
For the DC Hall conductivity, the corresponding frequently
used expression is10,28–33:
σxy =
2pi2e3
3V ~
B
∫
dω
∑
kn
A3n,k(ω)
[
2
∂En,k
∂kx
∂En,k
∂kx
∂2En,k
∂kx∂ky
−
(∂En,k
∂kx
)2 ∂2En,k
∂k2y
−
(∂En,k
∂ky
)2 ∂2En,k
∂k2x
]∂f(ω)
∂ω
.
(A2)
with B the magnetic field34.
2. Antiferromagnet as an example
When there is more than one atom per unit cell, the cur-
rent and effective masses differ depending on whether they
are computed from a wave-vector derivative of the Hamilto-
nian in the orbital basis or in the band basis.20 This is obvious
since the unitary transformation between the Hamiltonian in
the orbital and in the band basis depends on k. Using the
antiferromagnet as an example, we discuss the consequences,
arguing for the correct choice.
Assume that the Fermi level crosses a single band and
that residual Hubbard-like interactions lead to an antiferro-
magnetic state. All other bands are either completely full or
empty and they do not come in the discussion. Take as lat-
tice vectors a1 = (1, 0)a and a2 = (0, 1)a and ion posi-
tions on the A sublattice rA = (0, 0)a and on the B sub-
lattice rB = (1/2, 1/2)a. With first-neighbor hopping t and
second-neighbor hopping t′, the mean-field Hamiltonian ma-
trix in the orbital basis (cAk , c
B
k ) can be written, for one of the
spin species, in the form
Hk =
[
d + ∆ + ζk ξk
ξk d −∆ + ζk
]
, (A3)
with the definitions
ξk = −2t[cos(k · δ1) + cos(k · δ2)] (A4)
ζk = −2t′[cos(k · (δ1 + δ2)) + cos(k · (δ1 − δ2))]. (A5)
where δ1 = (1/2, 1/2)a and δ2 = (1/2,−1/2)a are nearst-
neighbor bonds and d is the on-site energy. A unitary
transformation Uk diagonalizes the Hamiltonian as follows
UkHkU
†
k.
a. Current vertex Using the Peierls substitution, the cur-
rent vertex in the α direction computed from a k derivative in
the orbital basis is given by
λαk = −∂AαH(A)k |A=0 = −
e
~
[
∂kαζk ∂kαξk
∂kαξk ∂kαζk
]
. (A6)
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Note that we were able to replace the derivative with respect
to vector potential by a derivative with respect to k because
neglected intra-atomic dipole transitions, did the Peierls sub-
stitution and included the phase factor exp[ik · (Ri − Rj)]
for hopping within the unit cell as well as between unit cells.
Otherwise, if the phase factor includes only the position of
the unit cell, the current cannot be expressed as a derivative
with respect to k only.20 Multiplying UkλαkU
†
k transforms
this current to the band basis. We find
UkλαkU
†
k = −
e
~
∂kαζk1−
e
~
[− sin θk cos θk
cos θk sin θk
]
∂kαξk
(A7)
where tan θk = (ξk/∆). Since eigenenergies E±(k) are
given by
E±,k = (d + ζk)±
√
ξ2k + ∆
2, (A8)
we find that only the diagonal elements of the orbital-basis
current Eq. (A6) are equal to the currents calculated from
−(e/~)∂kαE±,k. Hence, with diagonal spectral weights, the
longitudinal DC conductivity obtained from Eq. (A1) should
be the same, regardless of how we define current vertices. If
there are off-diagonal components to the spectral weight, then
the answer is unambiguous only in the DC limit and with
delta-function spectral weights since in that case interband
transitions are prohibited by energy and momentum conserva-
tion. The finite frequency (optical) conductivity on the other
hand depends sensitively on which of the above two current
vertices are used. As argued in the main text, the correct
choice is the derivative with respect to k of the Hamiltonian
in the orbital basis.
b. Effective masses The derivatives of the current vertex
with respect to wave vector give a measure of the inverse ef-
fective masses that are needed for the calculation of the Hall
effect35. Taking derivatives with respect to k of the model
Hamiltonian in the orbital basis, we find
λαβk = ∂Aα∂AβH
(A)
k |A=0 = (
e
~
)2
[
∂kα∂kβζk ∂kα∂kβξk
∂kα∂kβξk ∂kα∂kβζk
]
.
(A9)
Transforming this to the band basis using UkλαβkU
†
k we find
UkλαβkU
†
k = (e/~)
2∂kα∂kβζk1
+ (
e
~
)2
[− sin θk cos θk
cos θk sin θk
]
∂kα∂kβξk. (A10)
This time, even the diagonal elements are different from what
we find directly from (e/~)2∂kα∂kβE±,k, which now is given
by
∂kα∂kβE±,k = ∂kα∂kβζk ±
[
sin θk∂kα∂kβξk
+( cos θk/∆)(1− sin2 θk)∂kαξk∂kβξk
]
. (A11)
This means that even for the DC Hall conductivity, Eq. (A2),
the answer depends on which inverse effective-mass tensor
we use (when t′ does not vanish). With the three-leg for-
mula Eq. (A2), Ref. 10 has shown, surprisingly, that it is
the band-basis inverse effective-mass ∂kα∂kβE±,k that must
be used. This can be confirmed by an explicit calculation36
which shows that the Hall number of a hole-doped mean-field
antiferromagnetic band calculated with the three-leg formula
Eq. (A2) is correct only if the effective mass ∂kα∂kβE±,k is
used.
The above result seems paradoxical but it does not contra-
dict our earlier choice of current vertex. Indeed, the deriva-
tion of Voruganti et al.10 shows implicitely that four-leg dia-
grams must be included to obtain the correct result with the
physically correct orbital-basis currents and inverse effective
masses. They considered however only the one-band case
split by antiferromagnetic order in the DC limit. In what fol-
lows, we present the derivation of the most general formula
for the longitudinal conductivity and Hall conductivity, valid
for arbitrary interactions, spin-orbit coupling, topology and
number of bands, with or without broken symmetry.
Appendix B: Equations of motions for the derivative of the
dressed-current vertex and dressing of the vertex of the
measured current
In this section we derive the equation of motion for the
derivative of the dressed current vertex. The derivative of the
bare current vertex is the inverse of the effective mass ten-
sor, but the situation is more subtle in the dressed case. We
show that while the current vertex is governed by the standard
Bethe-Salpeter equation, the derivative of the dressed current
vertex has more structure. It obeys a different equation which
leads to different types of vertex corrections.
Consider the paramagnetic term of conductivity in presence
of an external magnetic field. Here, we work in real space and
define 1 ≡ (r1, τ1). Then the paramagnetic contribution is
proportional to
Tr
(
λ(A
′)
α (1
′1)G(A
′)(12)Λ
(A′)
β (22
′)G(A
′)(2′1′)
)
, (B1)
where the trace is over all internal degrees of freedom. To sim-
plify the calculation, we use a matrix notation for the Green’s
function and for the vertices, dropping the spin and potential
vector dependence. Then, with the trace assumed implicitly,
the above equation reads
λαG(∂AβG
−1)G. (B2)
Using ∂G = −G(∂G−1)G, and the definition already given
in Eq. (14)
λγα ≡ ∂Aγλσ(A
′)
α = −∂Aγ∂AβHσ (B3)
the derivative with respect to Aγ of the paramagnetic term
Eq. (B1) is given by
λγαG(∂AβG
−1)G
−λαG(∂AγG−1)G(∂AβG−1)G
−λαG(∂AβG−1)G(∂AγG−1)G
+λαG(∂Aγ∂AβG
−1)G. (B4)
12
The fourth line is the derivative of the dressed current vertex.
Using the expression for G−1 and the chain rule for the
self-energy, the dressed vertex ∂AβG
−1 obeys the following
integral equation
∂AβG
−1 = λβ +
δΣ
δG
[G(∂AβG
−1)G]. (B5)
The matrix multiplication convention applies to the Green’s
functions in square parenthesis in the above equation. Recall-
ing our use of the chain rule, the matrix indices of the result-
ing product in square parenthesis are identical to the matrix
indices of the Green’s function in the denominator of δΣ/δG.
The latter quantity is the four-point vertex that is irreducible
in the longitudinal particle-hole channel, i.e., δΣ/δG ≡ Γir.
The derivative ∂Aγ (∂AβG
−1) of the dressed current vertex
(∂AβG
−1) can be written as
∂Aγ∂AβG
−1 = λγβ − ∂Aγ∂AβΣ. (B6)
With the chain rule for the derivative of the self-energy, this
becomes
∂Aγ∂AβG
−1 = λγβ − ∂AγΓir
[
∂AβG
]
. (B7)
We now assume that the three-particle scattering vertex
δ2Σ/δGδG = δΓir/δG can be neglected. Then, the above
equation becomes
∂Aγ∂AβG
−1 ' λγβ − Γir
[
∂Aγ∂AβG
]
= λγβ + Γ
ir∂Aγ
[
G(∂AβG
−1)G
]
= λγβ + Γ
ir
[
G(∂Aγ∂AβG
−1)G
]
− Γir [G(∂AγG−1)G(∂AβG−1)G]
− Γir [G(∂AβG−1)G(∂AγG−1)G] . (B8)
The above equation is an integral equation for ∂Aγ∂AβG
−1.
In the equation for the derivative of the paramagnetic term
Eq. (B4) we now use the cyclic property of the trace to move
the rightmost G to the left and then substitute the above equa-
tion for ∂2G−1/∂Aγ∂Aβ . We find
GλγαG(∂AβG
−1)
−GλαG(∂AγG−1)G(∂AβG−1)
−GλαGΓir
[
G(∂AγG
−1)G(∂AβG
−1)G
]
−GλαG(∂AβG−1)G(∂AγG−1)
−GλαGΓir
[
G(∂AβG
−1)G(∂AγG
−1)G
]
+GλαGλγβ
+GλαGΓ
ir
[
G(∂Aγ∂AβG
−1)G
]
(B9)
Continuing the iteration, one can check that we are generat-
ing the infinite series for the vertex corrections of all the λα
vertices and also of the λαβ vertex.
Using the notation already given in Eq. (13)
Λβ = (∂AβG
−1) (B10)
for the dressed vertex that obeys the integral equation
Eq. (B5), the final form of equation (B9) is
GλγαGΛβ
−GΛαGΛγGΛβ
−GΛαGΛβGΛγ
+ΛαGΛγβG, (B11)
with the dressed inverse effective-mass tensor Λγβ defined by
the following integral equation
Λγβ = λγβ + Γ
ir[GΛγβG] (B12)
= λγβ +
δΣ
δG
[GΛγβG] (B13)
which is analogous to the corresponding Eq. (B5) for the
dressed current vertex Λβ = (∂AβG
−1).
To dissipate any ambiguities that the above notation may
contain, we now give an example with indices restored. The
current vertex is given by
Λβ(22
′) =
∂G−1(22′)
∂Aβ(33′)
= − ∂H(22
′)
∂Aβ(33′)
+
∂Σ(22′)
∂G′(44′)
G(45)
∂G−1(55′)
∂Aβ(33′)
G(5′4′). (B14)
We need to know how the dressed vertex varies upon applying
an external magnetic field. In other words
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∂Λ
(A′)
β (22
′)
∂A′γ(66′)
∣∣∣∣
A′=0
=− ∂
2H(A
′)(22′)
∂A′γ(66′)∂Aβ(33′)
∣∣∣∣
A′=0
+
∂Σ(A
′)(22′)
∂G(A′)(44′)
G(A
′)(45)
∂2G(A
′)−1(55′)
∂A′γ(66′)∂Aβ(33′)
G(A
′)(5′4′)
∣∣∣∣
A′=0
− ∂Σ
(A′)(22′)
∂G(A′)(44′)
G(A
′)(47)
∂G(A
′)−1(77′)
∂A′γ(66′)
G(A
′)(7′5)
∂G(A
′)−1(55′)
∂Aβ(33′)
G(A
′)(5′4′)
∣∣∣∣
A′=0
− ∂Σ
(A′)(22′)
∂G(A′)(44′)
G(A
′)(45)
∂G(A
′)−1(55′)
∂Aβ(33′)
G(A
′)(5′7)
∂G(A
′)−1(77′)
∂A′γ(66′)
G(A
′)(7′4′)
∣∣∣∣
A′=0
+
∂Σ(A
′)(22′)
∂G(A′)(77′)∂G(A′)(44′)
∂G(A
′)(77′)
∂A′γ(66′)
G(A
′)(45)
∂G(A
′)−1(55′)
∂Aβ(33′)
G(A
′)(5′4′)
∣∣∣∣
A′=0
. (B15)
The last term describes irreducible three body interactions. As
mentioned above, we assume that this term can be neglected.
Let us evaluate ∂Aγ of the paramagnetic term Eq. (B1). Then
consider what happens when, for example, the term coming
from the second line of Eq. (B15) is added to the term coming
from the derivative of the first propagator in Eq. (B1). We
obtain
− λα(1′1)G(17)Λγ(77′)G(7′5)Λβ(55′)G(5′1′)
−G(2′1′)λα(1′1)G(12)∂Σ(22
′)
∂G(44′)
G(47)Λγ(77
′)G(7′5)Λβ(55′)G(5′4′), (B16)
which can be rewritten as the first line except that the bare α
vertex is replaced with the first order of the iterative solution
of the dressed α vertex.
Appendix C: Hall conductivity
In this section we generalize the single band formalism37,38
to the multi-band case. In order to obtain the Hall response,
a transverse response, Π(η)αβ , must be calculated in presence of
a perpendicular magnetic field, B. The magnetic field can be
obtained from a gauge potential B(q′, ν′) = iq′×A′(q′, ν′),
where q′, ν′ denote the wave vector and the frequency of the
magnetic field. That frequency is taken to zero here since the
magnetic field is time independent. Therefore, the total gauge
potential is A(t)+A′(r) and the Hall response is proportional
to E × B = ν [A′(q′ ·A)− q′(A ·A′)], where ν denotes
the frequency of the electric field. Once the derivative with
respect to q′ has been calculated one must take q′ = 0 to
obtain the linear response to a uniform magnetic field.
The linear response of Π(η)αβ to the magnetic field is calcu-
lated, as explained in Eq. (20) of the main text, from:
−i 
ηδγ
2
∂q′δ∂A′γΠ
(A′)
αβ (iνn)
∣∣∣∣
(A′,q′)=0
=(
iηδγkBT
2VcellN
)∂q′δ∂A′γ
∑
k,ωm
Tr
{
[
λ(A
′)
α (q
′, νn)
]
k′−,ωm;k
′
+,ω
+
m
G
(A′)
k′+ω
+
m;k
′
−,ω
+
m
[
Λ
(A′)
β (q
′,−νn)
]
k′−,ω
+
m;k
′
+,ωm
G
(A′)
k′+,ωm;k
′
−,ωm
}∣∣∣∣
(A′,q′)=0
. (C1)
where we have defined k′± ≡ k ± q′/2 and used the defi-
nition of the bare Eq. (12) (Eq. (B3)) and dressed Eq. (13)
(Eq. (B10)) current vertices, before taking the A′ = 0 limit.
Note that the diamagnetic term is proportional to δαβ and
hence does not contribute to the Hall conductivity. By ap-
plying the derivative with respect to Aγ as in the preceding
appendix, then setting Aγ = 0 and keeping only terms linear
in q′, we find four terms,
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−i 
ηδγ
2
∂q′δ∂A′γΠ
(A′)
αβ (iνn)
∣∣∣∣
(A′,q′)=0
= (
iηδγkBT
2VcellN
)∂q′δ
∑
k,ωm
Tr
{
[λγα(0, νn)]k,ωm;k,ω+m Gk,ω+m [Λβ(0,−νn)]k,ω+m;k,ωm Gk,ωm+
[Λα(q
′, νn)]k′−,ωm;k′+,ω+m Gk′+,ω+m [Λγ(−q
′, 0)]k′+,ω+m;k′−,ω+m Gk′−,ω+m [Λβ(0,−νn)]k′−,ω+m;k′−,ωm Gk′−,ωm+
[Λα(q
′, νn)]k′−,ωm;k′+,ω+m Gk′+,ω+m [Λγβ(−q
′,−νn)]k′+,ω+m;k′−,ωm Gk′−,ωm+
[Λα(q
′, νn)]k′−,ωm;k′+,ω+m Gk′+,ω+m [Λβ(0,−νn)]k′+,ω+m;k′+,ωm Gk′+,ωm [Λγ(−q
′, 0)]k′+,ωm;k′−,ωm Gk
′
−,ωm
}∣∣∣∣
q′=0
,
(C2)
where we used ∂A′γG
(A′) = −G(A′)(∂A′γG(A
′)−1)G(A
′)
and the definitions of the bare Eq. (12) (Eq. (B3)) and dressed
Eq. (13) (Eq. (B10)) current vertices, this time in the A′ = 0
limit. The vertex that plays the role of the inverse effective-
mass tensor, Λγα obeys the integral equation Eq. (B13), as
shown in the previous appendix.
The above four terms correspond to the four terms in
Eq. (B4), written in full. To obtain the above result, we also
used that to linear order in q′, all Green functions are transla-
tionally invariant. Momentum q′ flows in and out at vertices
of the connected diagram. The vertex Λα, related to the ob-
served current, changes both momentum and energy, while
Λβ vertex coupled to the uniform electric field only changes
the energy (dissipative) and the Λγ vertex coupled to static
magnetic field only changes the momentum (dispersive).
The first term in Eq. (C2) is q′ independent because that
momentum comes in and out of the same vertex, so there is
no net q′ dependence. Only the last three terms have a non-
zero contribution to the Hall conductivity. Although we have
written explicitly the net momentum and frequency going in
the verticies in addition to the two momenta and frequency
associated with the propagators attached to the vertices, there
are only two independent momentum variables for the vertices
at this stage. They can be chosen as the labels of the square
parenthesis. Calculating the derivative with respect to q′δ and
taking the limit q′ → 0 yields triangular and rectangular dia-
grams, as we explain further below.
The three-leg (triangular) diagrams are obtained when
the derivative with respect to q′δ acts on the vertices of
the second and fourth terms and on the propagators of the
third term in Eq. (C2). To obtain the results reported in
Eq. (22), we have used that [λα(q′, νn)]k′−,ωm;k′+,ω+m and
[Λγ(−q′, 0)]k′+,ωm;k′−,ωm do not depend on q
′ linearly, as
well as the following identities
∂q′δGk′±,ωm
∣∣
q′=0 = ±(
1
2
)∂kδGk,iωm , (C3)
and
∂q′δ [Λβ(0,−νn)]k′±,ω+m;k′±,ωm
∣∣
q′=0 =
±(1
2
)∂kδ [Λβ(0,−νn)]k,ω+m;k,ωm . (C4)
We have also assumed that the derivative with respect to k is
proportional to a derivative with respect to vector potential.
This allows us to maintain the convention that greek indices
for the vertices always stand for derivatives with respect to
vector potential. But we must take into account that
∂kδ [ ] =
~
e
∂A′δ [ ] . (C5)
This is true for this vertex that comes from the magnetic field
because, in that case, only the current operator that comes
from the Peierls substitution contributes. The DC magnetic
field cannot lead to intra-atomic dipole terms. This allows us
to set the contribution from [Λδγβ(−q′,−νn)]k′+,ω+m;k′−,ωm to
zero because of the antisymmetry of the Levi-Civita tensor.
When all this is taken into account, there are two contribu-
tions from derivatives of the third term and they are equal to
the other two contributions obtained from the derivative of the
second and fourth term in Eq. (C2) that give one contribution
each.
The contribution of the four-leg (rectangular) diagrams in
Eq. (25) is obtained from derivatives with respect to q′ of the
propagators in the second and fourth terms of Eq. (C2) and
by the replacement of the derivative with respect to q′ by a
derivative with respect to k as in Eq. (C3). This gives six
terms that can be combined in pairs using the antisymmetry in
γ, δ of the Levi-Civita tensor.
Appendix D: Hall response in the νn → 0 limit
1. Interband triangular diagrams
We mentioned in the main text that the interband compo-
nents of the triangular diagrams do not contribute to the Hall
response in the νn → ν1 = 2pikBT limit at low tempera-
ture. Here, we explain this more. In the band basis, the in-
terband terms can be classified in two classes in terms of the
band indices of the three Green’s function: (i) terms with three
different band indices, and (ii) terms with two different band
indices.
The Matsubara frequency summation of the first class in-
cludes only simple poles. Therefore, the resulting expression
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after performing summation over fermionic Matsubara fre-
quencies is regular in the ν1 → 0 limit, hence, one can set
the bosonic frequency equal to zero directly for these terms in
Eq. (22) and see that they vanish.
For the second class of diagrams the Green’s function with
the same band index may have (i) different bosonic Matsubara
frequency or (ii) the same bosonic Matsubara frequency. Con-
sider case (i). The fermionic Matsubara frequency summation
can be done as in Eq. (E1). We expand the first term on the
right side in terms of νn and keep the terms which do not van-
ishes when νn → ν1. This gives two terms: one term cancels
the second term on the right-hand side. The second term is νn-
independent. This term and the third term on the right hand
side of Eq. (E1) are canceled by the analogous terms from the
second line of the Eq. (22). In the case (ii), when the Green’s
functions with the same band index have the same frequency
dependence, then the fermionic summation includes a second
order pole where again, using Eq. (E2), one can show that
these terms also vanish in the νn → ν1 limit.
2. Interband rectangular diagrams
In the main text, we clarified which rectangular diagrams
do not vanish at DC limit. Here, we consider one category of
diagrams which vanishes in this limit and explain it in more
details. For example, take n 6= n′ and consider diagrams with
λ˜αk,nnλ˜
γ
k,n′n′ and λ˜
δ
k,nn′λ˜
β
k,n′n or λ˜
δ
k,n′nλ˜
β
k,nn′ . Then, only
the second and last lines of the Eq. (25) contribute in this class
and their contribution is
limνn→ν1(
−iηδγBkBT
2VcellN
)
~
e
∑
k,ωm
∑
n,n′(6=n)
[
λ˜αk
]
nn
[
λ˜γk
]
n′n′
[Gk,ωm ]n′n′ [Gk,ωm ]n′n′
{
([
λ˜δk
]
nn′
[
λ˜βk
]
n′n
[Gk,ωm ]nn
[
Gk,ω−m
]
nn
−
[
λ˜βk
]
nn′
[
λ˜δk
]
n′n
[Gk,ωm ]nn
[
Gk,ω+m
]
nn
)}
= 0,
(D1)
where we used Eq. (E6) and expanded in powers of ν1. Sim-
ilar calculations can be done for all the other vanishing dia-
grams.
Appendix E: Matsubara frequency summations
Here we list some identities that have been used in this pa-
per. In the following we consider a non-interacting system
in the band basis where En,k denotes band energy. For the
Green’s functions below, we take the definition Eq. (29) with
Γ = 0.
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kBT
∑
ωm
[
Gk,ω+m
]
n1n1
[Gk,ωm ]n1n1 [Gk,ωm ]n2n2 =
f(En1,k)
(−iνn)(En1,k − En2,k − iνn)
+
f(En1,k)
(iνn)(En1,k − En2,k)
+
f(En2,k)
(En2,k − En1,k + iνn)(En2,k − En1,k)
, (E1)
kBT
∑
ωm
[
Gk,ω+m
]
n2n2
[Gk,ωm ]
2
n1n1
=
f(En2,k)
(En2,k − En1,k − iνn)2
+
f ′(En1,k)
(En1,k − En2,k + iνn)
− f(En1,k)
(En1,k − En2,k + iνn)2
,
(E2)
kBT
∑
ωm
[
Gk,ω+m
]
n1n1
[Gk,ωm ]
2
n1n1
[Gk,ωm ]n2n2 =
1
(En2,k − En1,k)2
f(En2,k)
(En2,k − En1,k + iνn)
+
(
1
−iνn )
2 f(En1,k)
(En1,k − En2,k − iνn)
+ (
1
iνn
)
f ′(En1,k)
(En1,k − En2,k)
− ( 1
iνn
)
f(En1,k)
(En1,k − En2,k)2
− ( 1
iνn
)2
f(En1,k)
(En1,k − En2,k)
,
(E3)
kBT
∑
ωm
[
Gk,ω+m
]
n1n1
[Gk,ωm ]
2
n1n1
[
Gk,ω+m
]
n2n2
=
1
(En2,k − En1,k)
f(En2,k)
(En2,k − En1,k − iνn)2
+
(
1
−iνn )
2 f(En1,k)
(En1,k − En2,k)
+ (
1
iνn
)
f ′(En1,k)
(En1,k − En2,k + iνn)
− ( 1
iνn
)
f(En1,k)
(En1,k − En2,k + iνn)2
− ( 1
iνn
)2
f(En1,k)
(En1,k − En2,k + iνn)
,
(E4)
kBT
∑
ωm
[
Gk,ω+m
]2
n1n1
[Gk,ωm ]n1n1 [Gk,ωm ]n2n2 =
1
(En2,k − En1,k)
f(En2,k)
(En2,k − En1,k + iνn)2
+
(
1
iνn
)2
f(En1,k)
(En1,k − En2,k)
+ (
1
−iνn )
f ′(En1,k)
(En1,k − En2,k − iνn)
− ( 1−iνn )
f(En1,k)
(En1,k − En2,k − iνn)2
− ( 1−iνn )
2 f(En1,k)
(En1,k − En2,k − iνn)
,
(E5)
kBT
∑
ωm
[Gk,ωm ]
2
n1n1
[Gk,ωm ]n2n2
[
Gk,ω+m
]
n2n2
=
1
(iνn)
f(En2,k)
(En2,k − En1,k)2
+ (
1
−iνn )
f(En2,k)
(En2,k − En1,k − iνn)2
+
1
(En1,k − En2,k)
f ′(En1,k)
(En1,k − En2,k + iνn)
− 1
(En1,k − En2,k)2
f(En1,k)
(En1,k − En2,k + iνn)
− 1
(En1,k − En2,k)
f(En1,k)
(En1,k − En2,k + iνn)2
,
(E6)
where f ′(En1,k) = (∂f(En1,k)/∂En1,k).
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